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For the first three t=l; for the fourth t — 0, 1; for the others f=0. Of the 
17 resulting values of *, 114, 222, 249, 289, 397, 424, 492 are excluded by 
mod. 7; then 127, 154, 199, 204, 447 are excluded by mod. 11; 262 and 357 
by mod. 13; 87 and 442 by mod. 17; for the remaining value -*=384, S=21 
(mod. 23), whereas 21 is a quadratic non-residue of 23. 

Hence 6=^V(56 7 —1) is a prime. 

While it is believed that the above work is accurate, having been care- 
fully checked, it should be added that the same result was found by an earlier 
proof different as to details. 

5. By the same method, I obtain the following results: 

56 7 +1=3. 19. 15737. 1925393, 

34 ' 7 +1=5. 7. 307. 443. 1531. 28051. 112643. 4708729, 

52 1 * +1=53.4057.21841.4328028093013, 

all of the given factors being prime. That the last number of 13 digits is 
prime, I have verified by two proofs differing as to details. The factor 
21841 was found by accident by Lt. Col. Cunningham. I ran across the fac- 
tor 112643 of the second number in the manner explained in the Quarterly 
Journal, 1908, page 45; but the remaining two large factors were found by 
the present method. 

6. In view of the interest in the numbers m m —l and their importance 
in connection with the last theorem of Fermat, it is desirable that some 
arithmetician should check the statement of E. Lucas (American Journal of 
Mathematics, Vol. 1, 1878, p. 294) that the large factors of 10 and 12 digits 
in 22 11 ±1 are actually primes. For a verification by the present method it 
is of the greatest help to know that there are no factors less than 10,000, in 
view of the tables by Lt. Col. Cunningham. The latter believes that Lucas 
intended to record his factors as primes; but that an uncertainty runs right 
through his factorizations as to the primality of the factors, no clue what- 
ever being given as to how the primality was detected. 



FACTORING IN A DOMAIN OF RATIONALITY. 



By ELIZABETH R. BENNETT, The Universtty of Illinois. 

If a series of symbols R u R 2 , ... which are supposed to obey the or- 
dinary laws of algebra, but are not necessarily thought of as representing 
numbers, are combined with respect to the four fundamental operations of 
arithmetic — addition, subtraction, multiplication, and division, division by 
zero being excluded, there result a series of expressions which are rational 
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with respect to these symbols. The totality of such expressions is called a 
domain of rationality and it is the smallest possible domain involving the 
symbols R u R 2 , ... 

If only one of these symbols as Rt is involved in the combinations and 
if Rt is a rational number different from zero, the domain of rational num- 
bers including zero, positive and negative integers, and positive and nega- 
tive rational fractions is obtained. This domain of rational numbers is in- 
cluded in every domain. The complex numbers of form a+bi, where a and 
b are rational numbers and i =i/ — 1, also constitute a domain of rationality 
which includes the domain of rational numbers. 

When we add or adjoin to a known domain a number P which does not 
already belong to it, the new set of numbers constitutes a domain, if we al- 
so add to it all numbers obtained from additions, subtractions, multipli- 
cations, and divisions involving P and all numbers of the original domain. 
The domain of the ordinary complex numbers already mentioned may be 
formed by the adjunction of i to the domain of rational numbers. 

An algebraic integer is a root of the equation 

where a u a 2 , ..., a n are rational integers. An algebraic quadratic integer 
is a root of the above equation when n=2. All algebraic quadratic integers 
are of the form x+yi/m when m=2 or 3 (mod. 4), and of the form 

x\-y — „ — when m=\ (mod. 4). It is assumed that m is not divisible by 

any square greater than 1 and that x and y are integral. 

The term integral domain is understood, as usual, to mean a set of in- 
tegral elements which is invariant with respect to addition, subtraction, and 
multiplication; that is, any combinations of the numbers of the set by the 
operations mentioned yield again a number belonging to the set. An inte- 
gral algebraic domain is then an integral domain formed by the adjunction 
of an algebraic integer to the ordinary integral domain. 

In the ordinary integral domain the theorem that a number can be 
resolved into its positive prime factors in only one way is fundamental. 
That the above theorem is not valid in all domains is well known and may 
be easily shown by an example. Forinstance, 6=2x3=(14-|/— 5) (1 — \/ — 5), 
the factors of each product being primes in the domain considered. It was 
in order to avoid such possibilities in factoring, as indicated by the above 
example, that the theory of ideals was created. 

It is also generally known that numbers prime in one domain may be 
composite in another. For example, in the ordinary integral complex 
domain every rational prime of the form 4w+3 is a complex prime and every 
rational prime of the form 4w+l is composite. 

In the Nouvelles Annales de Mathematiques for 1903, M. G. FontenS 
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has considered algebraic integers of the form x+y\/— 5. In this article it 
is shown that factoring in the domain of the numbers x+yi/ — 5 is 
not unique, but if the domain is enlarged so as to contain numbers of the 

form — ^h — factoring becomes a unique process. 

The relation which exists between factoring in a quadratic complex 
domain and the number of classes of quadratic forms corresponding to the 
domain has been considered by A. E. Westun in "Certain Systems of Quad- 
ratic Complex Numbers," Transactions of the Cambridge Philosophical So- 
ciety, Vol. XVII, 1899. In both of the articles mentioned, factoring is not 
restricted to operations in an integral quadratic domain. 

From the previous definitions and illustrations which are quite gener- 
ally known, it is evident that an integral algebraic domain can be found by 
the adjunction of i/— 6 to the ordinary integral domain. This integral alge- 
braic domain will be denoted for brevity by the letter A and some of the 
properties of numbers in the domain will be considered with special refer- 
ence to factoring. 

We now prove the following theorem: 

Theorem I. All ordinary primes of the form 24z+l and 24? 4-7 are 
composite in A 

From the theory for binary quadratic forms, it is known that D, the 
determinant of the form, must be a quadratic residue of m, where m is the 
number to be represented by the form. The number —6 is a quadratic res- 
idue of primes of the form 242+1, 24?+7, 242+5, and 242+11. There are 
only two reduced forms for D=— 6, namely, x 2 +6y 2 and 2x 2 +Sy 2 . The 
form 2x 2 +3y s will not give complex factors in A and so need not be con- 
sidered. Then all ordinary primes which are composite in & must be repre- 
sented by x 2 +(yy 2 . 

If m is the prime to be represented, m~x 2 +Qy 2 and, therefore, x 2 = 
m (mod. 6). x 2 =l (mod. 6), but x 2 is not congruent to 5 (mod. 6) and, 
therefore, all ordinary primes represented by x 2 +6y 2 are of form 242+1 
and 242+7 and only primes of these forms can be factored in A 

(l-i/-6)(l+i/-6)=7; (5-v / -6)(5+i/-6)=31. 



Theorem II. Primes of the form 242+1 and 24?+7 can be resolved 
into their complex prime factors in only one way in A 

There are four representations of x 2 +fy 2 which give the same prime 
m. There are two solutions of the congruence n 2 = — 6 (mod. m), and two 
substitutions transforming x 2 +6y 2 into an equivalent form. Therefore, a 
prime number can be represented by x 2 +6y 2 in only one way and 
consequently primes of the form 24?+l and 242+7 can be resolved into 
prime complex factors in only one way in A 
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Theorem III. In order that a composite rational integer may be re- 
solved into complex factors only in &, it must be of the form, m=a < - a) b w c y d s , 
where a represents primes of the form 24z+l and24z+7, and («) the number 
of primes in a; b represents primes of the form 24z+5 and 242+11 and {P) 
the number of primes in b; c=2, d=3, (/?) +r+ s is an even number and r+ s 

The determinant of this form, that is, —6, must be a quadratic resi- 
due of any composite number m properly represented by a; 8 +6i/ 3 and, there- 
fore, must be a quadratic residue of every prime factor of m. x 2 +&y 2 —m, 
or m must be a quadratic residue of 6. The number —6 is a quadratic resi- 
due of primes of the form 24z+l, 24z+7, 24?+5, and 242+-11. Primes of 
form 24z+l and 24z+7 are quadratic residues of 6, while primes of the form 
24z+5 and 24z+ll are non-quadratic resides of 6. Then any number m— 
a (a) &c> is properly representable by x 2 +6y s , or may be resolved into complex 
factors only in &■, (,?) being even, since an even number of non-quadratic 
residues is a quadratic residue. We have the following equations: 

(I). 2a; s +3r =(a;|/2+2/t/-3) (xV2-yi/-S). 

(II). Then 2(2x*+3y*)=i/2(x\/2+yy / -3).\/2(x v '2-y\/-3J 

=(2x+y l /-6)(2x-y ] /-6) = (z+yi/-6)(z-y\/-6). 

(III). Also, 3(2a; 2 +32/ 2 )=|/3(2/|/3+xi/-2).i/3(2/ V /'3-a;|/-2) 

= (3y+x\/-6) (Sy-X[/-6) = (z'+X]/-6) (z'-X]/-6). 

The primes 2 and 3 are not represented by x 2 +6y' i and are not prop- 
erly represented by 2x 2 +Sy 2 . Equations (II) and (III) then show that 
neither 2 V , 3 { , nor 2* 3 { are properly represented, or have complex factors in 
the domain &. Primes of the form 24z+5 and 242+11, however, are prop- 
erly represented by 2x 2 +3y 8 and an inspection of equations (II) and (III) 
will show that the product of any such prime b by either 2 or 3 will give a 
number having complex factors in &. Since neither 2 V , 3 s nor 2* 3 s have 
complex factors in &, but 26 and 36 have such factors, r+8 cannot be greater 
than (/S) , (/?) — r + 8 must be even since all primes of form 24? + 5 and 24z + 11 
are non-quadratic residues, (mod. 6). Therefore, (P)+r+$ must be an 
even number. 

Theorem IV. Any composite rational integer m—a (a) b^ ) c y d s repre- 
sentable by the form x^-\-&y % can be resolved into its prime complex factors in 
more than one way provided it contains at least two different prime factors 
of the form 24z+5 and 242+11, so that (/5)-(r+<0 <«. 

Let Kx represent the composite rational integer, x representing the 
product of prime factors of form 24z+5 and 24z+ll, K the product of all 
other prime factors. K can be resolved into its complex prime factors in 
only one way because primes of form 24z +1 and 24z +7 are resolvable into 
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complex factors in only one way and 2* , 3 s , or 2* 3 s have no complex factors 
in the domain. It is also evident from the previous theorems that no prime 
of the form 242+1 and 242+7 combined with either 2 or 3 or with a single 
prime of the form 242+5 or 242+11 can be resolved into complex factors on- 
ly in &. 26 and 36, where 6 is any prime of form 242+5 and 24z+ll, can 
be resolved into complex factors in only one way since 2 and 3 have no com- 
plex factors in O., From these statements, it is clear that the factoring in 
different distinct ways must depend only on the factors of x. 

A number x can be represented or resolved into its complex factors 
in fl in 2 W ~ 1 ways where w represents the number of different prime factors 
of x. These w— 1 representations will be distinct, since primes of form 
242+5 and 242+11 are also primes in the domain &. 



NOTE ON THE STEINER POINT. 



By W. GALLATLY, Swanage, England. 



Let ABC be the mid-point triangle, and PQR the pedal triangle of a 
given triangle A'B'C, so that AP is parallel to BC, and AQ=AR=BC=a : 
(a>b>c). And since rq is antiparallel to BC, Z.Arq=C, LAqr—B. 

Describe a circle around a Aqr. This touches AP since lArq=C = 
Z CAP, and therefore the center 0' lies on the perpendicular from A on BC. 
Join Ap, cutting the circle ABC in S. Then S is the Steiner point of the 
triangle ABC. 

Since q, C, B, r are cyclic, pq.pr=^pC.pB=pS.pA. Hence S lies on 
the circle Aqr. To find the radius, p, of this circle, we have Aq=2 p.sinArq 



=2/>.sinC. 



, , , . D sin 4 nT> . . sin A 
Also Aq^AR.-Tz-^—^RsmA. -_ 



'sin B 



"sin B' 



where R is the radius of 



the circle ABC. Therefore p=R.-j- s . 

To determine the length of AS. 

In the triangle OAO', OA=R, 
R.aVbc, Z OAO'= IB- LC, and 00' 2 = 
O'A* -2.0A.O'A.cosAOAO'. 



0'A= 
OA* + 



But cos!? cosC= 
16 a 2 



a 4 -(6*-c 2 ) 5 



sinB sinC 



4o 2 6c' 
of the triangle ABC. 
00 



4a 8 be 
where a s is the square of the area 




Hence, 



6V=a 4 +...-6 8 c 2 -...= 



2 6 2 c 2 



centricity of the Brocard ellipse, and <» is the Brocard angle 



where e is the ec- 



